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(1) For x < y in A, we have s(x) ≤ y (by definition of successor), so Ix and Iy are disjoint.
Hence {Ix : x ∈ A} is a collection of disjoint open intervals so is at most countable (because
each interval contains a rational.)

(2)(a) A is µ∗-measurable if for every E ⊂ X, we have µ∗(E) = µ∗(E ∩ A) + µ∗(E ∩ Ac).
(b) In the text.

(3) Let ε > 0. By uniform integrability, there exists δ > 0 such that

µ(A) < δ =⇒
∫
A

|fn| dµ < ε for all n. (1)

Let En = {x : |fn(x)| > ε}. Since fn → 0 in measure, we have µ(En) → 0. Therefore for
large n we have µ(En) < δ and hence by (1),

∫
En
|fn| < ε. Therefore∫

|fn| =
∫
En

|fn|+
∫
Ec

n

|fn|

< ε+

∫
Ec

n

ε dµ

= ε+ εµ(Ec
n)

≤ ε+ εµ(X).

Since ε is arbitrary, this shows
∫
|fn| → 0.

(4) Suppose E1, E2, · · · ∈ C and let ε > 0. For each j there exists Aj ∈ A with Aj ⊃ Ej and
µ(Aj\Ej) < ε/2j. For a given N we can approximate ∩∞j=1Ej by ∩N

j=1Aj as follows: we have

∩∞j=1Ej ⊂ ∩Nj=1Ej ⊂ ∩Nj=1Aj,

so

µ

(
(∩Nj=1Aj)\(∩∞j=1Ej)

)
= µ

(
(∩Nj=1Aj)\(∩Nj=1Ej)

)
+ µ

(
(∩Nj=1Ej)\(∩∞j=1Ej)

)
≤

N∑
j=1

µ(Aj\Ej) + µ

(
(∩Nj=1Ej)\(∩∞j=1Ej)

)

<

N∑
j=1

ε

2j
+ µ

(
(∩Nj=1Ej)\(∩∞j=1Ej)

)
(2)

< ε+ µ

(
(∩Nj=1Ej)\(∩∞j=1Ej)

)
.

1



The sets (∩Nj=1Ej)\(∩∞j=1Ej) decrease to φ as N →∞, and µ(X) <∞, so by continuity from
above,

µ

(
(∩Nj=1Ej)\(∩∞j=1Ej)

)
→ 0.

Therefore for N large we have µ

(
(∩Nj=1Ej)\(∩∞j=1Ej)

)
< ε. Putting this in (2) we get

µ

(
(∩Nj=1Aj)\(∩∞j=1Ej)

)
< 2ε.

Since ε is arbitrary and ∩Nj=1Aj ∈ A, this shows ∩∞j=1Ej is approximable from outside by A.
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