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(5) M =0(€). Let G ={E € M : E € o(F) for some countable F C £}. If E € G then
E€o(F)Coa(f) =M for some F C E. Thus G C M. Let us show G is a o-algebra.

If £ € G then £ € o(F) for some countable F C &, so E¢ € o(F), so E° € G. Thus G is
closed under complements.

If £y, Fs,... € G then each E, € o(Fy) for some countable 5, C €. Then U,,F,, is
countable and each E, € o(U,F), so U, E, € o(U,,F,,), meaning U, E,, € G. Thus G is
closed under countable unions. It follows that G is a o-algebra.

G contains £,s0 G D o(E) = M, s0 G = M.

(6) Claim 1: Ji is a complete measure on M.

Proof: Suppose N € M, A C N and 7i(N) = 0. This means N = E U F with £ € M
and I C N’ for some N' € M with (N’) = 0. Then (EF) < @(N) = 0 so E is null, so
E U N’ is null. Thus we can represent A as ¢ U A with ¢ € M and A contained in the null
set £ UN’ € M. This says A € M, so Ji is complete.

Claim 2: T is the only measure on M that extends p.

Proof: Suppose i is a measure on M that extends . Let EUF € M with E € M, F C
N where N € M is null. Then F = ¢ U F € M, and

WE) = p(E) < p(EUF) < p/(E)+ @/ (F) < p/(E) + @/ (N) = p(E) + p(N) = p(E),
so all of these are equal, meaning p/'(EU F) = u(E) =u(E U F). Thus ¢/ =@, on M.
(8) The sets Fj, = N2, E, satisty F; C Fy C ... so

;L(lirrljinf E;) = p(Up2, Fy) = lilgn,u(Fk) < liminf p(Ey).

The last inequality follows from Fj, C Ej.
Similarly, the sets Gy = U2, F, satisfy G; D Gy D ...with pu(Gy) < oo, so

p(limsup Ej) = p(My2,Gr) = lilgn w(Gy) > limsup p(Ey).
j

The last inequality follows from Gy D Ej.
(9)
W(E) + u(F) = p(E\F) + p(ENF) + p(F\E) + p(EN F),

and the first three of the four measurable sets on the right side are disjoint with union FU F'.
Hence the right side is u(E U F) + u(ENF).



(1(2)5&) E(C)F U (EAF), so w(E) < pu(F) + p(EAF) = p(F). Similarly u(F) < u(E), so
WE) =

(b)(i) p(EAE) = u(¢) =050 E ~ E.

(i) EAF = FAE so E ~ F if and only if F' ~ E.

(iii) Suppose p(EAF) = u(FAG) = 0. Then

(E\G)NF C F\G C FAG and (E\G)NF°C E\F C EAF.

Hence E\G C (FAG)U(EAF). Similarly, G\E C (FAG)U(EAF), so EAG C (FAG)U
(EAF), and therefore p(EAG) < (FAG) + u(EAF) = 0. Thus E ~ G.
(¢) The last inequality in (b) says p(E,G) < p(E, F) + p(F,G).

(A) X must be a countable union of sets of finite measure, or equivalently, of finite sets.
This means X must be countable.

(B) Let
E= U[ 22n %)

Note E consists of a collection of intervals which “converge down toward 1/2,” with gaps in
between them. Then % € E° but there is no interval [%, % + ¢€) contained in E°. This means
E° ¢ M, so M is not a o-algebra.

(C) Since £ C F, we have 0(€) C o(F). Since o(F) is the smallest o-algebra containing F,
we have o(F) C o(E). Therefore they are equal.

(D) We have p(¢) = lim,, p1,,(¢) = 0. Suppose Ey, Es, ... are disjoint. Since p,(E;) < u(Ej;),

we have
D

i (U3 Ey) = limp, (U2, E) =lim Y p(E)) < Y p(E))
j=1

j=1

In the other direction, for each £ > 1 we have

1(Ej).

k
—

i (U5 By) = lim gy (U2 By) > dim g (U By) = lim Y o (E) =
j J

Since k is arbitrary this means g (Uj ) > i—1 W(Ej), so we have equality, i.e. countable
additivity holds.



