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Prof. Alexander

(1)(a) In the text
(b) X is well-ordered if X is linearly ordered and every nonempty subset has a minimal
element.

(2)(a) Let € > 0. Uniform continuity means there exists § > 0 such that |y —z| < § =
|F(y) — F(z)| < e. Then since f,, — f in measure,

p({o 1P () = F(F@)] 2 &) < p{a: fule) = (@) 2 8}) =0 asn— oo.

This shows F' o f,, — F o f in measure.

(b) For € € (0,1) we have |xg,(z) — 1] > ¢ <= =z € EZ, and therefore p({z :
IXE, () — 1| > €}) = p(ES). Hence xpg, — 1 in measure if and only if p(ES) — 0.

(c) From part (b), it’s enough to show ngmD g dp = fEn gdp=v(E%) — 0. Given € > 0,
from homework, there exists § > 0 such that u(A) < § = [, g du < e. By assumption
there exists N such that n > N — u(E5ND) <6 = fEﬁng dp < e. Since € is

arbitrary this shows [,. g du — 0.
(3) Let Ay, ={A € A: u(ANB,) > 1/k}. Then

1 1
Ac A = u(A) > z for some k = limu(ANB,) > z for some k

1
— w(ANB,) > % for some n, k,
so A = U, Ak The sets in A, are disjoint, so
1
P <Y (AN By) < u(By),
AEAnk

which shows that A, is finite. Thus A is a countable union of finite sets so is at most
countable.

(4) Tt is enough to consider f > 0, since for general f we can apply the result to f = fT— f~.
Let € > 0. Since f is bounded, there exists a simple ¢ with sup, |f(z) — ¢(z)| < €, say

o= Zszl CkXE,- Then
K K
/90 dpty = chﬂn(Ek) - ZCkM(Ek) = /90 dpp asmn — oo
k=1 k=1

1



and
< [1o = f1 duo < ena(X),

‘/s@dun—/fdun

‘/wdu—/fdu‘ S/Iso—fl dp < ep(X),
so for large n,

‘/fdun—/fdu’§ [ am = [ dn, +’/¢dun—/¢du’+‘/<ﬁdu—/fdu‘

< e (X) + €+ ep(X).
Since p,(X) — p(X), this shows limsup, | [ f du, — [ f du| < e(2u(X) + 1). Since € is
arbitrary, this lim sup is 0, which shows [ f du,, — [ f dp.




