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(1)(a) In the text
(b) X is well-ordered if X is linearly ordered and every nonempty subset has a minimal

element.

(2)(a) Let ε > 0. Uniform continuity means there exists δ > 0 such that |y − x| < δ =⇒
|F (y)− F (x)| < ε. Then since fn → f in measure,

µ
(
{x : |F (fn(x))− F (f(x))| ≥ ε}

)
≤ µ

(
{x : |fn(x)− f(x)| ≥ δ}

)
→ 0 as n→∞.

This shows F ◦ fn → F ◦ f in measure.
(b) For ε ∈ (0, 1) we have |χEn(x) − 1| > ε ⇐⇒ x ∈ Ec

n, and therefore µ
(
{x :

|χEn(x)− 1| > ε}
)

= µ
(
Ec

n). Hence χEn → 1 in measure if and only if µ(Ec
n)→ 0.

(c) From part (b), it’s enough to show
∫
Ec

n∩D
g dµ =

∫
Ec

n
g dµ = ν(Ec

n)→ 0. Given ε > 0,

from homework, there exists δ > 0 such that µ(A) < δ =⇒
∫
A
g dµ < ε. By assumption

there exists N such that n ≥ N =⇒ µ(Ec
N ∩ D) < δ =⇒

∫
Ec

n∩D
g dµ < ε. Since ε is

arbitrary this shows
∫
Ec

n∩D
g dµ→ 0.

(3) Let Ank = {A ∈ A : µ(A ∩Bn) > 1/k}. Then

A ∈ A =⇒ µ(A) >
1

k
for some k =⇒ lim

n
µ(A ∩Bn) >

1

k
for some k

=⇒ µ(A ∩Bn) >
1

k
for some n, k,

so A = ∪n,kAnk. The sets in Ank are disjoint, so

1

k
|Ank| ≤

∑
A∈Ank

µ(A ∩Bn) ≤ µ(Bn),

which shows that Ank is finite. Thus A is a countable union of finite sets so is at most
countable.

(4) It is enough to consider f ≥ 0, since for general f we can apply the result to f = f+−f−.
Let ε > 0. Since f is bounded, there exists a simple ϕ with supx |f(x) − ϕ(x)| < ε, say
ϕ =

∑K
k=1 ckχEk

. Then∫
ϕ dµn =

K∑
k=1

ckµn(Ek)→
K∑
k=1

ckµ(Ek) =

∫
ϕ dµ as n→∞

1



and ∣∣∣∣∫ ϕ dµn −
∫
f dµn

∣∣∣∣ ≤ ∫ |ϕ− f | dµn ≤ εµn(X),∣∣∣∣∫ ϕ dµ−
∫
f dµ

∣∣∣∣ ≤ ∫ |ϕ− f | dµ ≤ εµ(X),

so for large n,∣∣∣∣∫ f dµn −
∫
f dµ

∣∣∣∣ ≤ ∣∣∣∣∫ f dµn −
∫
ϕ dµn

∣∣∣∣+

∣∣∣∣∫ ϕ dµn −
∫
ϕ dµ

∣∣∣∣+

∣∣∣∣∫ ϕ dµ−
∫
f dµ

∣∣∣∣
≤ εµn(X) + ε+ εµ(X).

Since µn(X) → µ(X), this shows lim supn |
∫
f dµn −

∫
f dµ| ≤ ε(2µ(X) + 1). Since ε is

arbitrary, this lim sup is 0, which shows
∫
f dµn →

∫
f dµ.
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